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Interest in chemical processes that perform well in dynamic environments has led to
the development of design methodologies that account for operational aspects of proc-
esses, including flexibility, operability, and controllability. In this article, we address
the problem of identifying process designs that optimize an economic objective func-
tion and are guaranteed to be stable under parametric uncertainties. The underlying
mathematical problem is difficult to solve as it involves infinitely many constraints,
nonconvexities and multiple local optima. We develop a methodology that embeds
robust stability constraints to steady-state process optimization formulations without
any a priori bifurcation analysis. We propose a successive row and column generation
algorithm to solve the resulting generalized semi-infinite programming problem to
global optimality. The proposed methodology allows modeling different levels of
robustness, handles uncertainty regions without overestimating them, and works for
both unique and multiple steady states. We apply the proposed approach to a number
of steady-state optimization problems and obtain the least conservative solutions that
guarantee robust stability. VVC 2011 American Institute of Chemical Engineers AIChE J, 57:

3395–3407, 2011

Keywords: robust stability, steady-state optimization, generalized semi-infinite
programming, parametric uncertainty, global optimization

Introduction

For decades, continuous operation of chemical processes
has made steady-state optimization an important and popu-
lar design paradigm.1 However, traditional steady-state opti-
mization that ignores process dynamics may lead to designs
that are overly conservative or not implementable.2 As a
result, there has been a steady interest in developing
process design methodologies that address operational
aspects of chemical processes, including flexibility3–5 and
operability.6,7 For the same reason, the integration of pro-

cess design and control has received much attention

lately.8–10 Recent approaches to steady-state process design

with uncertainty and dynamics considerations include

dynamic optimization approaches,11 stochastic approaches,12

and robust approaches.13 A recent review of related advan-

ces can be found in Ricardez-Sandoval et al.14

This paper addresses the design of dynamic processes

that are capable of returning to an original steady state af-

ter they are perturbed. This requirement is formally known

as Lyapunov stability15 and is one of the most desirable

characteristics in the design of dynamic systems that are

operated in some steady state. Clearly, the ability of a

system to return to an original state is a function of the

magnitude of the perturbation. Although designs that can
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reject large perturbations are desirable, ensuring such

stability is very challenging.16,17 Local stability conditions

are considerably easier to enforce mathematically and

embed in a design approach.18–20 Still, the resultant design

problems are challenging and often involve bilinear matrix

inequalities.21

In the presence of uncertainty in the parameters that deter-

mine steady states, it is desirable to identify designs of

chemical processes that remain stable over ranges of the

uncertain parameters.22 The ability of a system to do so is

known as robust stability and is more difficult to ensure than

stability at a point.23,24 However, the importance of robust

stability has stimulated extensive research in this field,

including stability analysis of polytopic polynomials,25 effi-

cient suboptimal design approaches,26,27 normal vector meth-

ods,28,29 and robust eigenvalue placement.30 Recently, a

global optimization method was proposed to locate robustly

stable steady-state solutions to biochemical process optimiza-

tion problems.31 This approach successfully identified meta-

bolic network redesigns that are robustly stable under prede-

fined general model uncertainties. However, in the case of

parametric uncertainty alone, this approach can produce con-

servative solutions.32

In this article, we build on the approach of Chang and

Sahinidis31 and develop a methodology to handle parametric

uncertainties in a way that does not lead to conservative

designs. The methodology proposed in this article relies on

an analytical approach to enforce robust stability in steady-

state optimization problems. The resulting formulation corre-

sponds to a bilevel optimization problem that is intuitive but

difficult to solve.33 Therefore, the bilevel program is con-

verted to an equivalent single-level program with infinitely

many stability constraints by using necessary and sufficient

algebraic conditions for stability. The resulting semi-infinite

program is solved to global optimality by identifying a finite

subset of stability constraints that will suffice to solve the

problem.
In contrast to prior approaches, our methodology

requires no a priori bifurcation analysis of the system
while providing a deterministic guarantee for the least
conservative stable steady-state solutions. The uncertainty
region is handled directly with no need to overestimate it
by a smooth surface. Moreover, our approach can handle
multiple steady states and limit cycles, and can be
extended to account for more general uncertainties in the
process model.

The remainder of this article is structured as follows.
In the next section, we define the problem of interest and
formulate steady-state optimization problems with robust
stability constraints as mathematical programs. A natural
bilevel formulation is reformulated into a generalized
semi-infinite programming problem. Then, a successive
row and column generation solution algorithm is deve-
loped to solve the resulting semi-infinite programs. The
proposed methodology is extended to account for more
general model uncertainties and limit-cycle solutions. The
broad applicability of the proposed methodology is illus-
trated by investigating six different problems. Finally,
conclusions are drawn and future research directions are
discussed.

Robust Stability under Parametric Uncertainty

Problem formulation

We consider a dynamic system described by a set of ordi-
nary differential equations

dx

dt
¼ f ðp; u; xÞ; (1)

where x is a vector of dependent (state) variables in a compact
set X( Rn, u is a vector of independent (design) variables in a
compact set U( Rm, and p is a vector of uncertain parameters
in a bounded neighborhood N about its nominal value p. In
general, X is defined by design specifications.

The variations in the system can be classified into process
uncertainties in u and model uncertainties in p.34 Bounded
disturbances in design variables can be translated into para-
metric uncertainties in most cases. In particular, a variable u0

that is under a disturbance, can be decomposed as a sum of
a certain portion u and an uncertain portion p0 with a nomi-
nal value of zero. While we can decompose u0 as u þ p0 in
the case of an absolute disturbance, we can decompose u0 as
u(1 þ p0) in the case of a relative disturbance.

The steady state of system (1) is characterized by setting
the left-hand side to 0. For simplicity, we assume that there is
a unique steady state in X for any (p, u) pair, but the approach
presented here can be used for the case with multiple steady
states as shown later in the section on the solution algorithm.
According to the Lyapunov linearization theorem,35 all the
eigenvalues of the Jacobian Df ðp; u; xÞ ¼ @f

@x must have nega-
tive real parts for local stability at equilibrium.

Let x be the steady state at p for a given u. To ensure ro-
bust stability of x, we require every steady state y corre-
sponding to any p in N to be locally stable. With k denoting
any eigenvalue of Df(p, u;y) and R(k) its real part, this con-
dition can be written as:

maxp;y <ðkÞ
s:t: f ðp; u; yÞ ¼ 0

p 2 N
y 2 Yðu; xÞ

9>>=
>>;\ 0: (2)

Here, Y(u,x) signifies the neighborhood of x in the state
space where robust stability matters. If the effect of paramet-
ric uncertainty onto state space is completely unknown, pre-
scribing Y(u,x) in a way that overestimates the set of all
physically possible steady states of the system may lead to
conservative designs and even make (2) infeasible.

Condition (2) can be used as a stability constraint in the
context of a design formulation, in which one would like to

maximize an economic merit function /(p, u; x). One can
optimize for the worst-case or expected objective value or

minimize the variance of the objective value. To keep the
presentation simple, we choose to optimize / evaluated at

the median p ¼ p. Embedding robust local stability condi-
tions into the larger optimization formulation results in the

following bilevel programming problem:

max
u;x

/ð�p; u; xÞ (3)

s:t: f ð�p; u; xÞ ¼ 0 (4)
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maxp;y <ðkÞ
s:t: f ðp; u; yÞ ¼ 0; p 2 N; y 2 Yðu; xÞ

� �
\ 0;

x 2 X; u 2 U:

(5)

The formulation seeks to identify a steady state (4) that
optimizes the nominal performance measure (3) while guar-
anteeing stability on all of the steady states induced in the
neighborhood of the uncertain parameters (5). The inner
optimization problem in the above formulation will be recast
as infinitely many constraints of the form r(p, u; y) [ 0
derived from equivalent stability conditions.36 Computing
the characteristic equation of Df(p, u; x):

kn þ v1ðp; u; xÞkn�1 þ � � � þ vn�1ðp; u; xÞkþ vnðp; u; xÞ ¼ 0

and applying the Routh-Hurwitz test37 symbolically, we obtain
the inequalities:

riðp; u; xÞ

¼

v1 1 0 0 0 0 � � � 0

v3 v2 v1 1 0 0 � � � 0

v5 v4 v3 v2 v1 1 � � � 0

..

. ..
. ..

. ..
. ..

. ..
. . .

. ..
.

v2i�1 v2i�2 v2i�3 v2i�4 v2i�5 v2i�6 � � � vi

������������

������������
> 0

for i ¼ 1,…,n.38 The resulting single-level optimization
problem is:

ðPÞ max /ð�p; u; xÞ
s:t: f ð�p; u; xÞ ¼ 0;

rðp; u; yÞ > 0

8ðp; yÞ 2 ðq;wÞ 2 N � Yðu; xÞjf ðq; u;wÞ ¼ 0f g;
x 2 X; u 2 U:

The robust stability condition (5) is different from the one
that was used in Chang and Sahinidis31:

maxp;y <ðkÞ
s:t: p 2 N

y 2 Y0ðxÞ

9=
;\ 0; (6)

in that (6) allows y to change independent of (p, u) to account
for both parametric and nonparametric uncertainties. There-
fore, the extension of the row-generation solution methodol-
ogy proposed therein31 to the present context is challenging
due to the need to accommodate the equilibrium constraints in
the inner stability constraint of P. We overcome this challenge
through an algorithm based on row and column generation.
Before embarking on algorithm development, we use an
example to illustrate the modeling aspects of the proposed
approach and, in particular, the derivation of the infinite
stability constraints.

Illustrative example: Brusselator model

Consider the following set of elementary chemical
reactions39:

A !k1 X;

Bþ X !k2 Yþ C;

2Xþ Y !k3 3X;

X !k4 D;

where A and B are reagents, C and D are products, and X and
Y are intermediary chemical species. Material balances for X
and Y are:

dCX

dt
¼ k1CA � k2CBCX þ k3C

2
XCY � k4CX;

dCY

dt
¼ k2CBCX � k3C

2
XCY:

Since the precise determination of the rate of trans-
formation between intermediates is difficult, we assume
that the value of k3 is uncertain. We further assume that the
concentration of B is under disturbances. By letting s ¼ k4t,
x1 ¼ k4CX

k1CA
, x2 ¼ k4CY

k1CA
, p1 ¼ k2

1
k3C

2
A

k3
4

, and u0 ¼ k2CB

k4
, the model can

be recast in dimensionless form:

dx1
ds

¼ 1� ðu0 þ 1Þx1 þ p1x
2
1x2;

dx2
ds

¼ u0x1 � p1x
2
1x2:

Note that p1 and u0 are uncertain. Decomposing u0 into
certain and uncertain contributions u þ p2, we obtain a
dynamic system in the form of (1) with:

f1ðp; u; xÞ ¼ 1� ðuþ p2 þ 1Þx1 þ p1x
2
1x2;

f2ðp; u; xÞ ¼ ðuþ p2Þx1 � p1x
2
1x2:

We assume that X ¼ (0, 10] � (0, 10], U ¼ [1, 5], p ¼
(3, 0), N ¼ p þ [�0.1, 0.1] � [�0.1, 0.1], and Y(x) ¼ X.
The stability conditions for the model are det(Df) [ 0 and
trace(Df)\ 0 where

Df ðp; u; xÞ ¼ �ðuþ p2Þ � 1þ 2p1x1x2 p1x
2
1

ðuþ p2Þ � 2p1x1x2 �p1x
2
1

� �
:

Since det(Df) is always positive, the only remaining stabil-
ity constraint is

rðp; u; yÞ ¼ �traceðDf jyÞ ¼ p1y
2
1 þ ðuþ p2Þ þ 1� 2p1y1y2

> 0:

If the steady-state performance measure is the production
rate of C, the overall productivity optimization problem with
robust stability constraints becomes:

max ux1
s:t: 1� ðuþ 1Þx1 þ 3x21x2 ¼ 0;

ux1 � 3x21x2 ¼ 0;
p1y

2
1 þ ðuþ p2Þ þ 1� 2p1y1y2 > 0

8ðp; yÞ2 ðq;wÞ
1�ðuþ q2 þ 1Þw1 þ q1w

2
1w2¼0;

ðuþ q2Þw1�q1w
2
1w2¼0;

q 2 N; w 2 X:

������
8<
:

9=
;;

x 2 X; u 2 U:
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In addition to nonconvexities in equality constraints, the
model involves an infinite number of constraints that enforce
the stability requirement. A specialized algorithm is deve-
loped in the next section to address these two challenges.

Solution Algorithm

The stability conditions in P must be satisfied by infinitely

many steady-state points. By dropping all the stability con-

straints, we obtain a relaxation whose solution is an upper

bound on the optimal value of P. The main idea is to itera-

tively introduce a small number of stability constraints to

strengthen this relaxation and, eventually, arrive at a solution

that satisfies all the stability constraints of P. For simplicity

of the presentation, we assume that Y is a static neighbor-

hood of x.
The solution (u0, x0) to the initial relaxation problem is

not likely to satisfy the robust stability condition. For
instance, solving the Brusselator example after ignoring all
the stability constraints produces the solution:

u0 ¼ 5; x0 ¼ ð1; 5=3Þ;

which does not satisfy the stability condition at p ¼ p and is,
therefore, unstable.

Let p0 [ N produce an unstable steady state in Y(x0) under the
design u0. By noticing that the steady state y0(p0, u) [ Y(x)
corresponding to any solution (u, x) must satisfy the stability
condition, we can introduce the following set of constraints
to cut off the current solution (u0, x0):

f ðp0; u; y0Þ ¼ 0; rðp0; u; y0Þ > 0; y0 2 YðxÞ:
Note that p0 is a constant vector but y0 is a vector of vari-

ables. For the illustrative example, these constraints for p0 ¼
p correspond to

f1ðp0; u; y0Þ ¼ 1� ðuþ 1Þy01 þ 3ðy01Þ2y02 ¼ 0;

f2ðp0; u; y0Þ ¼ uy01 � 3ðy01Þ2y02 ¼ 0;

rðp0; u; y0Þ ¼ 3ðy01Þ2 þ uþ 1� 6y01y
0
2 > 0:

At iteration K of the algorithm, let (uK, xK) be the solution
of the relaxation problem:

ðRÞ max /ð�p; u; xÞ
s:t: f ð�p; u; xÞ ¼ 0;

rð�p; u; xÞ > 0;

f ðpk; u; ykÞ ¼ 0; k ¼ 0;…;K � 1; (7)

rðpk; u; ykÞ > 0; k ¼ 0;…;K � 1; (8)

x 2 X; u 2 U;

yk 2 YðxÞ; k ¼ 0;…;K � 1:

Since (7) and (8) are merely a subset of the infinitely
many stability constraints of P, the solution to R may not
satisfy some of the stability constraints that are not consid-
ered yet. Therefore, we solve the following separation prob-
lem to find pK that corresponds to an unstable steady state:

ðSÞ min
P
i

biriðp; uK ; yÞ
s:t: f ðp; uK ; yÞ ¼ 0;P

i

bi � 1;

p 2 N; y 2 YðxKÞ;
bi 2 f0; 1g 8i:

Here, binary variables b are used to isolate the maximally
violated stability constraint. If the optimal value of S is 0,
this provides a proof that (uK, xK) is a robustly stable design.
On the other hand, if the objective value to S is negative,
then this implies that the current solution is not robustly sta-
ble. In the latter case, we introduce stability cuts for pK to
the relaxation problem, increment K by one, and continue
with solving the updated relaxation. Unlike a similar
approach for the back-off flexibility design that introduced
multiple violates depending on the number of con-
straints,40,41 we introduce a single violate at each iteration
for improved computational efficiency.

Revisiting the Brusselator example, the algorithm solved
the problem in two iterations within one CPU second. The
robustly stable steady-state solution to this problem is

u ¼ 3:800; x ¼ ð1; 1267Þ:
The validity of this solution can be checked analytically as

follows. If (p, u) is fixed, the Brusselator model has a unique

steady state x ¼ 1; uþp2
p1

� �
. At this steady state, the robust sta-

bility condition can be reduced to u þ p2 \ p1 þ 1, 8p 2 N.
This inequality can be simplified to a single inequality
u \ 3.8. Since the objective function is maximizing ux1 ¼ u,
the largest allowable value of u must be optimal, in agreement
with the computationally obtained solution.

Multiple steady states with different stability trends

The proposed strategy solves the robust stability problem if

there is a unique steady-state for each (p, u) pair. The strategy
is also applicable to the multiple steady-state case without

modification if all the steady states within Y(x) have consistent
stability trends, by which we mean that the steady states corre-

sponding to a fixed (p, u) are either all stable or all unstable. In
this section, we extend the solution method for the case of

multiple steady states with inconsistent stability trends.
At iteration K of the algorithm, assume that the relaxation

solution is (uK,xK) and there are two steady states ys, yu [
Y(xK) both corresponding to a pK [ N. As the superscript
implies, ys corresponds to a stable steady state and yu to an
unstable one. In this case, introducing the stability cut at pK

into the relaxation problem due to yu does not eliminate the
current solution, because yK ¼ ys satisfies the newly inserted
stability condition. As a result, the same solution (uK, xK)
repeats as relaxation solution.

Accepting or rejecting the repeating solution depends on
the extent of robustness in stability that we seek. If all the
multiple steady states in Y(x) must be stable, then we discard
the current solution (uK, xK). In the special case of X (
Y(x), we can discard (uK, x) for all x [ X. If one stable
steady state suffices for each p [ N (less robustness), we
search for a qK [ N that gives rise to unstable steady states
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only. This step requires the solution of the following prob-
lem at each grid point q in a discretization of N:

ðF1Þ max z
s:t: f ðq; uK ; yÞ ¼ 0;

riðq; uK ; yÞ � z 8i;
y 2 YðxKÞ:

If there is any qK such that the optimal value to this prob-
lem is negative, then we substitute the stability cuts for pK

with those for qK in the relaxation problem and repeat. Oth-
erwise, we accept the solution and terminate.

Finally, we consider a design for which an uncertainty real-
ization does not correspond to any steady state. To ensure sta-
tionary operation of process, the design must be rejected. We
detect such a design by solving the following feasibility prob-
lem at each grid point q in a discretization of N:

ðF2Þ min z
s:t: �z � f ðq; uK ; yÞ � z;

y 2 YðxKÞ:
If there is any qK such that the optimal value to the prob-

lem is positive, we reject the current design uK by introduc-
ing the following constraints into the relaxation problem:

f ðqK ; u; yKÞ ¼ 0

Otherwise, we accept the solution and terminate.
The use of a simple adaptive scheme for the discretization of

N was sufficient for the problems F1 and F2 solved in this

study. We first solve these problems on a coarse mesh, and

check their optimal values and their sensitivities. Since the opti-

mal values are continuous for both F1 and F2, we refine the

mesh only if the sensitivity information suggests a qualitative

change of the optimal value in between the mesh points (e.g., a

sign flip for F1). More elaborate discretization schemes that

have been developed for building surrogate models (cf., Bren-

del and Marquardt42) may be necessary for more complex prob-

lems. Parametric programming approaches can also be used to

assist or replace the discretization-based feasibility check.43

Implementation

Stability constraints become more complex if the Jacobian

matrix has many nonzero elements. Although the Jacobian is

sparse in general, it is worth keeping the number of its non-

trivial elements to a minimum using steady-state conditions.

For example, the left-hand-side of a balance p1x1x2 � p2x2
¼ 0 has zero sensitivity to x2 [ 0 at a steady state, but auto-

matic differentiation may not identify this implicit insensitiv-

ity. Therefore, we solved the following problems for each

nontrivial Jacobian element Dfij:

min=max Dfij
s:t: f ðp; u; xÞ ¼ 0;

x 2 X; u 2 U:

If the minimum and maximum values of Dfij are equal,
we fix Dfij at this value. We also simplify the symbolic
expressions in the variable Jacobian elements by using f ¼ 0
whenever possible.

In the proposed algorithm, the separation problem S, a
mixed-integer nonlinear program, must be solved to global
optimality to ensure robust stability. Solving the relaxation
problem to global optimality is also preferred. To globally
solve the nonconvex, nonlinear optimization problems, we
employed the BARON global optimization system that
implements the branch-and-reduce global optimization strat-
egy.44,45 Our algorithm was implemented under the GAMS
modeling system. All runs reported herein were on a Linux
computer with 2.8 GHz Intel Pentium quad-core processor
and 8 GB RAM.

Extensions

Robust stability for general model uncertainties

We extend formulation P to account for the general
model uncertainties that are addressed in Chang and Sahini-
dis31 to obtain a more comprehensive model. We assume
that, for each (p, u), the real steady state stays in [x(1 �
d1) � d2, x(1 þ d1) þ d2] where x is the corresponding so-
lution to the mathematical model, and that the Jacobian of
the model can be used to determine the local stability of
these unsure real steady states. We assume that d1 and d2
are nonnegative constant vectors and only one of them is
nonzero (either all relative or all absolute). The resulting
optimization problem is

ðP0Þ max /ð�p; u; xÞ
s:t: f ð�p; u; xÞ ¼ 0;

rðp; u; yÞ > 0 8ðp; yÞ 2 !;
x 2 X; u 2 U;

where

! ¼ ðq;wÞ
f ðq; u; vÞ ¼ 0;
vð1� d1Þ � d2 � w � vð1þ d1Þ þ d2;
q 2 N; v 2 Yðu; xÞ

������
8<
:

9=
;:

Note that P is a special case for which d1 ¼ d2 ¼ 0,
assuming parametric uncertainty only. The solution strategy
proposed in this work can be applied to solve P0 with modifi-
cations in R and S as follows:

ðR0Þ max /ð�p; u; xÞ
s:t: f ð�p; u; xÞ ¼ 0;

rð�p; u; xÞ > 0;
f ðpk; u; ykÞ ¼ 0; k ¼ 0;…;K � 1;
rðpk; u; ykð1þ dk1Þ þ dk2Þ > 0; k ¼ 0;…;K � 1;
x 2 X; u 2 U;
yk 2 YðxÞ; k ¼ 0;…;K � 1:

ðS0Þ min
P
i

biriðp; uK ;wÞ
s:t: f ðp; uK ; yÞ ¼ 0;

yð1� d1Þ � d2 � w � yð1þ d1Þ þ d2P
i
bi � 1;

p 2 N; y 2 YðxKÞ;
bi 2 f0; 1g 8i:

By solving S0, we find an optimal (pK, yK, wK) and com-
pute either dK1 ¼ wK/yK � 1 or dK2 ¼ wK � yK.
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Limit-cycle optimization with stability

Unsteady state operation of oscillating processes has been

of interest to chemical engineers because dynamic operation

sometimes increases productivity.46,47 The proposed formula-

tion and methodology can be also applied to find stable

limit-cycle solutions by using the concept of Poincaré first

return map.48 Here, we sketch the steps to derive formulation

P for limit-cycle cases.
We approximate the limit cycle of period s by a truncated

Fourier series representation:

xðtÞ ¼ a0 þ
Xm

i¼1

ai cos
2pit
s

� 	
þ bi sin

2pit
s

� 	� �

where a, b, and s are unknown, which will be determined by
enforcing dx/dt ¼ f(p, u; x) on a set of l time points that are
uniformly distributed within (0, s]:

dx

dt

ms
l

� 	
¼ f p; u; x

ms
l

� 	� 	
; m ¼ 1;…; l:

In the time domain harmonic balance technique,49 we
choose l ¼ 2m þ 1 and additionally set a1 ¼ 0 and ||b1||[ 0
(phase-fixing).

After obtaining the periodic solution x(t), we derive its
stability conditions via a monodromy matrix M that satisfies
the following initial-value problem:

Mð0Þ ¼ In;
dM

dt
¼ Df ðp; u; xÞM;

which can be integrated by a time discretization scheme. For an
autonomous system, the transition matrix M(s) always has an
eigenvalueofþ1.For the limitcycle tobestable, theremainingn�
1 eigenvalues must be smaller than unity in modulus.50 If the
characteristicpolynomialofM(s) is (k�1)w(k), thisSchurstability
conditiononw(k) is equivalent to requiring its transformation such
as ðk� 1Þn�1w kþ1

k�1


 �
to be Hurwitz stable.51 We can then employ

the techniques described earlier in this study and Chang and
Sahinidis36 to construct equivalent algebraic conditions for the
Hurwitz stability of the resultingpolynomial, andembed them into
the limit-cycle productivity optimization problem.

Applications

In this section, we consider six problems to demonstrate
how our formulation and solution algorithm result in the
least conservative robustly stable designs that are possible
for these problems.

One-dimensional autocatalytic process

Consider an autocatalytic chemical reaction model

dx

dt
¼ u0 � 6xþ 10x2

1þ x2
:

This model has two saddle-node bifurcation points at u0 ¼
0.897 and u0 ¼ 1.021. In the interval between these bifurcation
points, there are three steady states, two stable, and one unstable.
Outside this interval, there exists a unique stable steady state.
The bifurcation diagram for this process is provided in Figure 1.

Now, let us consider the following steady-state opti-
mization problem:

min x
s:t: 0 ¼ u0 � 6xþ 10x2

1þx2 ;
x 2 ½0:25; 2�; u0 2 ½0; 9118; 2�:

We assume that u0 can fluctuate about its mean value, thus
decompose u0 to u þ p. We want the solution to be robustly
stable for any p [ [�0.07, 0.07]. Because of the two stability
boundaries on the parameter space, normal vector methods
would give the solution of u ¼ 1.091. Our method identified
the same solution in four iterations by requiring all the mul-
tiple steady states within Y(x) ¼ Rþ to be stable. This solu-
tion is depicted as the unbounded region II that touches a
saddle-node bifurcation point in Figure 1.

If a realistic bound for the state exists under the disturbance in

u0, namely Y(x) ¼ [x � 0.28, x þ 0.28], then the proposed algo-

rithm gives the optimal solution of (u, x)¼ (0.9118, 0.25), which

is shown as the box I that touches an unstable steady-state curve

in Figure 1. Even if Y(x)¼ Rþ, the same solution qualifies as the

least robust solution as discussed in the subsection on multiple

steady states with different stability trends. This solution is unat-

tainable by normal vector methods unless we know that the

bifurcation point u0 ¼ 0.897 is irrelevant to the optimal solution.

Reactor design problems

Fermentation Process in CSTR. A simple CSTR fer-
menter model has been under extensive study for its bifurca-
tion analysis52 and process flowsheet design.53 The essence
of its rich dynamics can be investigated by the following
two-dimensional model54,29:

dCX

dt
¼ � F

5:13p
CX þ CS expð�CS=0:12ÞCX

dCS

dt
¼ F

5:13p
ðCSf � CSÞ � CS expð�CS=0:12Þ

5:4þ 180CS
CX

where CX and CS are concentrations of biomass and substrate,
respectively. The feed flow rate F and all of the concentrations

Figure 1. Bifurcation diagram for the autocatalytic
chemical model.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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are strictly positive, and the feed substrate concentration CSf is
bounded within [0.3, 0.7]. Naturally, CS � CSf. We would like
to determine F and CSf so as to maximize the operating profit:

/1 ¼
10F

97
5CX � 10:8

1� CSf

0:7
þ 200

CSf � 0:3

0:7

� 	� �
:

Ignoring the trivial steady state of zero biomass (CX ¼ 0
and CS ¼ CSf), the steady-state condition of the first equation
can be rearranged to:

F

5:13p
¼ lðCSÞ � CS expð�CS=0:12Þ:

Notice that l(CS) is monotonically increasing when CS \
0.12 and decreasing when CS [ 0.12. As a result, the global
maximum of F � 0.6156p/e is attained at CS ¼ 0.12, and
there are two distinct solutions Cl

S \ 0.12 and Cu
S [ 0.12 for

each F [ (0, 0.6156p/e). Consider the Jacobian of the right-
hand side at a steady state:

Df ¼ 0 CXl0

� l
5:4þ180CS

�l� CXl0
5:4þ180CS

þ 180CXl
ð54þ180CSÞ2

" #
:

Its determinant is negative and the steady state is unstable
whenever l0 ¼ dl/dCS is negative, which is always the case
for Cu

S. Therefore, we restrain CS � 0.12.

The steady states satisfying all these conditions are shown
in Figure 2, along with the corresponding objective function
values. Stable and unstable steady states are separated by a
stability boundary in this case. As observed in the figure, the
maximum objective value is achieved at an unstable steady
state. Here, we assume that F and CSf are under operational
disturbances and decompose them to u ¼ (F, CSf) and p ¼
(dF, dCSf). To enforce stability that is robust to uncertainties
in p, we consider robustness regions of two different shapes:

N1 ¼: ðdFÞ2 þ ðdCSf Þ2 � q;

N2 ¼: jdCSf j � 0:03; jdDaj � 0:05;

where Da ¼ 5:13p
F CSf expð�CSf =012Þ.

In this example, Y(x) is set equal to the entire region X. With q
varying from 0 to 0.005, the optimal solutions shown in Table 1
are obtained for N1. All five robust solutions were obtained in 2.0
CPU s. For the other neighborhood N2, /1 ¼ 0.436 is attained at
(CSf, Da) ¼ (0.3, 0.721) in four iterations and 2.3 s. These solu-
tions are shown in Figure 3. In this figure, the boundary between
stable and unstable steady states is shown in solid blue. Feasibil-
ity boundaries correspond to the combination of parameters
beyond which no steady-state solution exists.

Figure 2. Steady states and their corresponding objec-
tive values for the open-loop fermentation
process in CSTR.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Table 1. Robust Solutions at Different Levels of Uncertainty
for the Fermentation Process in CSTR

q (F, CSf) /1 Iteration #

0 (0.643, 0.3) 0.685 1
0.001 (0.603, 0.3) 0.566 3
0.002 (0.587, 0.3) 0.524 3
0.003 (0.575, 0.3) 0.494 3
0.004 (0.565, 0.3) 0.471 3
0.005 (0.557, 0.3) 0.451 3

Figure 3. Robust solutions on different neighborhoods of
uncertainty N1 with q 5 0.005 (a) and N2 (b) for
the open-loop fermentation process in CSTR.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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We next consider closing the open-loop system by adding
a feedback proportional controller F ¼ F0 þ G(CS0 � CS) to
the process, where F0 is the feed flow rate under no control
action, G [ 0 the gain of the controller, and CS0 the set
point for substrate concentration in the tank.55 This time, we
seek to determine F0, CSf, G, and CS0 that maximize the
profit function:

/2 ¼ 0:5CXFþ 7:03F� 27:03CSf F� 0:01G;

while demanding that the closed-loop eigenvalues are smaller
than �1/60 for all possible realizations of uncertain parameters
in the following box:

N3 ¼: jdF0j � 0:07; jdCSf j � 003:

Note that the requirement on the eigenvalues is equivalent
to requiring Df þ 1

60
I to be a stable matrix.

At a steady state, there should be no control action such
that CS0 ¼ CS and F ¼ F0. Then, the first steady-state equa-

tion becomes F0þGCS0

5:13p ¼ lðCSÞ þ G
5:13pCS. If G � 5.13p/e2,

this equation can have only one solution. Otherwise, the
right-hand side has a local maximum between 0.12 and 0.24,
and a local minimum beyond 0.24. Therefore, there could be
three solutions to the equation depending on the value of the
left-hand side. Interestingly, all the CS values between these
two extrema give rise to unstable steady-state behavior due
to the negative determinant of Jacobian matrix. Therefore,
we introduce G � 5.13p/e2 and drop the condition of CS �
0.12 in the open-loop problem.

The proposed algorithm returned the solution (F0, CSf, G,
CS0) ¼ (0.709, 0.3, 41.42, 0.13) with the objective value of
0.929 in two iterations and 2.2 CPU s. Figure 4 shows that
the uncertainty box around the solution touches the
required first-order dynamics boundary. The boundary
between stable and unstable steady states is shown in solid
blue, and the boundary between fast and slow convergence
rates is shown in solid green. Feasibility boundary is shown
in solid red. Area i corresponds to stable and fast, ii to sta-
ble but slow, and iii to unstable steady states. Area iv cor-
responds to parameter values that do not correspond to any
steady state.

Exothermic First-Order Reaction in CSTR. A CSTR for
an exothermic irreversible reaction is modeled as in56:

dCA

dt
¼ F

V
ðCAf � CAÞ � k0 exp

�E

RT

� 	
CA

dT

dt
¼ F

V
ðTf � TÞ � DH

qCp
k0 exp

�E

RT

� 	
CA � UA

qCpV
ðT � TjÞ

where CA is the concentration of the reactant, T is the reactor
temperature, and Tj is the coolant temperature. To stabilize this
process, a feedback controller can be used to manipulate Tj
directly.57 Here, we design a jacketed CSTR by augmenting
the system with energy balance in the jacket:27

dTj
dt

¼ Fj

Vj
ðTfj � TjÞ þ UA

qjCpjVj
ðT � TjÞ:

By performing the steady-state optimization on the aug-
mented model, we seek to determine the reactor diameter D
[ [5, 15] and coolant flow rate Fj [ [0, 150] that maximize
the function:

/ ¼ 3342D1:868 þ 120Fj

while satisfying the design constraints:

0 � CA � 0:01;

650 � T � 725;

650 � Tj � 700:

Parameters that are used in this study are summarized in
Table 2.

In this example, we assume that uncertain parameters are
p ¼ (CAf, Tf, U) with p ¼ (0.5, 530, 150) and N ¼ p þ
[�0.05, 0.05] � [�5, 5] � [�5, 5] as in the table. By vary-
ing the feed flow rate F, we obtained the computational
results in Table 3. For all the cases studied, robust stability
is attained for free.

Figure 4. Robust solution for the closed-loop fermen-
tation process in CSTR.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Table 2. Model Constants for the Jacketed CSTR

Parameter Value Parameter Value

V p
2
D3 Vj 0.25V

q 50 qj 62.3
Cp 0.75 Cpj 1
Tf {525, 530, 535} Tfj 530
DH �30000 E

R 15106.5
U {145, 150, 155} A 9p

4
D2

k0 7.08 � 1010 CAf {0.45, 0.50, 0.55}

Table 3. Robust Solutions at Different Levels of F
for the Jacketed CSTR Process

F (D, Fj) / Iteration #

50 (5, 37.674) 72,086 1
75 (5, 54.587) 74,116 1
100 (5, 72.977) 76,323 1
125 (5, 94.851) 78,948 1
150 (5, 118.536) 81,790 1
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Ethanol Fermenter. The ethanol fermenter model com-
piled in Garhyan et al.58 tracks the concentrations of the fol-
lowing components: substrate (CS), product (CP), biomass
(CX), and the internal key component (Ce):

dCe

dt
¼ 16� 0:497CP þ 0:00383C2

P


 � CSCe

0:5þ CS
� DinCe;

dCX

dt
¼ CSCe

0:5þ CS
� DinCX;

dCS

dt
¼ �100

2:44498

CSCe

0:5þ CS
� 2:16CX þ DinCS0 � DinCS;

dCP

dt
¼ 100

5:26315

CSCe

0:5þ CS
þ 1:1CX � DinCP:

Here, the manipulated variables u0 ¼ (CS0, Din) are uncer-
tain. Therefore, we decompose u0 ¼ u þ p so that u ¼ (CS0,
Din) and p ¼ (dCS0, dDin). The bounds X and U of these varia-
bles are given as:

Ce � 0:5; CX � 5; 10 � CS � 80; CP � 150;

0:01 � Din � 0:1; 130 � CS0 � 150:

We optimize this system for ethanol yield YP subject to require-
ments on the substrate conversion XS and the ethanol production rate
per unit volume of the fermenter PP, which are defined as follows:

/ ¼ YP ¼ CP � CP0

CS0
;

XS ¼ CS0 � CS

CS0
� 0:84;

PP ¼ DinCP � 1:

For this problem, Y(x) is taken to be the box of � 10% of X
around x. The 1% uncertainty case with N ¼ [�0.2, 0.2] �
[�0.0009, 0.0009] is solved in two iterations and 70.3 CPU s to
give the optimal value of 0.4479 and the 2% case with N ¼
[�0.4, 0.4] � [�0.0018, 0.0018] in three iterations and 128
CPU s to give the optimal value of 0.4477. The robust stability
results are shown in Figure 5. As seen in this figure, the uncer-
tainty boxes surrounding optimal solutions touch the stability
boundary. The objective value increases as we move toward the
lower left corner. Thus, the point-wise stable solution is at the
intercept of the stability boundary with the line of CS0 ¼ 130.

Continuous Polymerization Process. We consider a
dynamic model for the free radical homopolymerization of
vinyl acetate in solution59:

dT

dt
¼ qf Cpf

qCp
ðTf � 298Þ � qf

q
ðT � 298Þ � h

qmDHkpPvm
qCpWm

� h
aB
qCp

ðT � TcÞ;
dvm
dt

¼ qmf
qm

ð1� vsf Þ � qout
qin

vm � h
WmRm

qm
� dqm=dT

qm

dT

dt
vm;

dvs
dt

¼ qsf
qs

vsf � qout
qin

vs � dqs=dT
qs

dT

dt
vs;

dI

dt
¼ If � qout

qin
I � hkdI;

where T is the reactor temperature, vm is the volume fraction of
monomer, vs is the volume fraction of solvent, and I is the
initiator concentration. In the model, a, B, DH, Wm, Ws, Wi are
constants, and Cp, qm, qs, q, kd, kp, P, Rm,

qout
qin

are functions of
state variables.60

Here, we assume that Tf, Tc, and vsf are given, thus qmf,
qsf, qf and Cpf are fixed. We optimize feed initiator concen-
tration If and residence time h to maximize the following
simplified profit function29:

/ ¼ �3qmf ð1� vsf Þ � qsf vsf � 360WiIf þ 18qpð1� vm � vsÞ
h

:

Variables are bounded so that If [ (0, 0.1], h [ (0, 200], T
[ [300, 500], vm [ [0, 0.5], vs [ [0.5, 1], and I [ [0, If]. The
optimum operating condition (If, h) ¼ (0.0264, 0.772) corre-
sponds to three possible steady states, one of which achieves
the maximum objective value:

ðT; vm; vs; IÞ ¼ ð430; 0:114; 0:646; 0:00153Þ; / ¼ 1980:

If we restrict T � 373,29 then we obtain

ðIf ; h;T; vm; vs; IÞ
¼ ð0:0072; 6:01; 373; 0:225; 0:626; 0:0046Þ; / ¼ 173:

These solutions are obtained in 1.5 CPU min.
It is apparent that a higher temperature is preferred to

maximize conversion. However, these high temperatures are

not realistic considering the boiling point of the mixture that

is close to 348. Therefore, we introduce an additional tem-

perature constraint T � 348. Moreover, we require robust

stability under uncertainty in the design variables:

N : dh2 þ 1000dIf

 �2� 50

We consider the steady state x to be robustly stable if
there exists at least one stable steady state in its neighbor-
hood, Y(x), for each realization of uncertain parameters in N.
We take Y(x) to be the same as X except that the tempe-
rature is within � 10 of the operating temperature. The

Figure 5. Robustly stable solutions for the ethanol
fermenter.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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solution to the problem is obtained in four iterations and 6
min and is summarized in Table 4 and Figure 6. We
observed that the newly introduced stability constraints do
not translate into a substantial increase in the solution time
of the relaxation problem. Panel (a) shows the steady-state
manifold near the optimal solutions. Blue points correspond
to stable steady states while the white region corresponds to
unstable steady states. In panel (b), robustly stable solution
is shown with stability neighborhood touching the stability
boundary. Overall, shorter residence time and faster conver-
sion are preferable for faster processing and better objective,
but stability demands longer and slower dynamics.

Tryptophan biosynthesis in bacteria

We consider a dynamic model for tryptophan biosynthesis
in bacteria:61

dC1

dt
¼ 1þ C3

1þ ð1þ rÞC3

� ð0:9þ vÞC1;

dC2

dt
¼ C1 � ð0:02þ vÞC2;

dC3

dt
¼ 22832C2

22832 þ C2
3

� vC3 � 0:024C3

1þ C3

� 430ð1� 7:5vÞvC3

0:005þ C3

;

v ¼ 0:0312uR;

where state variables x ¼ (C1, C2, C3) are used for the
concentration of mRNA, enzyme, and tryptophan, respec-
tively. The design variables u0 ¼ (r, uR) represent genetic and
environmental controls.

We assume that r and uR are uncertain, and decompose u0

into u ¼ (r, uR) and p ¼ (dr, duR). Variable bounds are given
as X ¼ [0.1, 0.6] � [4, 11] � [0, 1] and U ¼ [5, 20] � [0.5,
1]. We take N ¼ [�0.15, 0.15] � [�0.005, 0.005], which cor-
responds to 1% of the entire range of U. Figure 7 shows the
steady-state manifold of this model on the 3D space of r, uR,
and C3 and the projection of the stability boundary onto the
2D space of r and uR. The white region in panel (a) corre-
sponds to stable steady states. Panel (b) shows the stability
boundary projected onto the parameter space. The crescent-
shaped region corresponds to unstable steady states.

Figure 6. Computational results for the polymerization
process.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Table 4. Solutions to the CSTR Polymerization Model

Requirements (If, y) (T, vm, vs, I) /

No stability (0.012, 54.2) (348, 0.144, 0.64, 0.00983) 40.5
Point stability (0.0264, 169) (330, 0.136, 0.64, 0.0255) 9.2
Robust stability (0.0277, 181) (330, 0.13, 0.641, 0.0269) 8.72

Figure 7. Steady-state manifold for the tryptophan
synthesis model.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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This model was solved in Chang and Sahinidis31 based on
the following assumptions:
• The real steady state could be different from the

solution to the given ODE model due to an oversim-
plification of the underlying dynamics and parametric
uncertainty.
• In spite of modeling errors, the Jacobian of the model

can be used to determine the local stability of the real oper-
ating point.
• The uncertainty for states is 1% of their entire state

range, thus Y0(x) ¼ [x1 + 0.005] � [x2 + 0.07] � [x3 +
0.01] in formulation 6.

Plotting the robust stability result of Chang and Sahini-
dis,31 (r, uR) ¼ (5, 0.874), on the parameter space gives the

left graph of Figure 8. In this graph, the blue solid line is
the stability boundary, while the red and green dotted lines

correspond to the level curves of C3 � 0.01. Here, only the
steady states in the shaded region (instead of the entire black

box) are required to be stable.
Let us assume that we want to ensure that all the steady

states in the black box are stable. Then, as in Gerhardt
et al.,32 we find the tightest possible Y0(x) that does not com-
promise the uncertainty neighborhood N:

� 0:0036 � y1 � x1 � 0:0036;

� 0:0515 � y2 � x2 � 0:0514;

� 0:0801 � y3 � x3 � 0:0931:

Using these bounds, the approach of Chang and
Sahinidis31 gives the following solution point:

x ¼ ð0:4572; 9:4704; 0:3722Þ; u ¼ ð5; 0:9063Þ:
This solution is plotted on the parameter space as the right

graph of Figure 8, which shows that the nearer the solution
is to the stability boundary, the better the objective value is.

If there exists parametric uncertainty only, then the previ-
ous solution is too conservative. Applying the solution algo-
rithm proposed here, the following solution point is obtained
in four major iterations:

x ¼ ð0:4404; 9:2794; 0:4079Þ; u ¼ ð5; 0:88Þ:
Not surprisingly, the solution box now touches the stability

boundary as in Figure 9. It must be emphasized that this solu-
tion is robust only to the prescribed parametric uncertainty.
We can use the extended formulation P0 to account for gen-
eral uncertainties considered in Chang and Sahinidis.31

Conclusions

In this work, a methodology was developed for steady-state
system design in a way that ensures robust stability of the
steady-state solution under parametric uncertainty. Steady-
state optimization problems with stability constraints were
formulated as semi-infinite optimization problems, following
the symbolic determination of algebraic stability conditions.
To solve the semi-infinite programs, we proposed a row and

Figure 8. The original solution of Chang and Sahinidis31 (left) and the most conservative solution (right) to the
tryptophan synthesis problem.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 9. The steady-state solution to the tryptophan
synthesis problem.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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column generation scheme, which adds a number of stability
constraints and variables to a relaxation of the problem at each
iteration, until the local stability condition is satisfied at all
steady states within a prescribed uncertainty neighborhood. The
proposed formulation and solution strategy was demonstrated
by using it to predict the least conservative solutions for a vari-
ety of investigated examples, including fermentation processes,
a polymerization process, and a biosynthesis process.

The proposed methodology comes with three unique fea-
tures. First, it can handle nonsmooth or discontinuous
uncertainty regions without overestimating them, thus guar-
anteeing the least conservative steady-state solutions that
are robustly stable. Second, the method allows the redefini-
tion of desired robustness in stability by way of bounding
the state perturbations and tailoring the solution algorithm
for multiple steady-state cases. Finally, our method can be
applied to find stable limit-cycle solutions, which may be
desired to increase process productivity via a deliberate
unsteady operation of dynamic processes.

Since the proposed algorithm can be utilized to solve gen-
eralized semi-infinite programming problems of similar
mathematical structure, investigating its performance in other
application settings will constitute an interesting subject of
future research.
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57. Hahn J, Mönnigmann M, Marquardt W. A method for robustness
analysis of controlled nonlinear systems. Chem Eng Sci.
2004;59:4325–4338.

58. Garhyan P, Elnashaie SSEH, Al-Haddad SM, Ibrahim G, Elshishini
SS. Exploration and exploitation of bifurcation/chaotic behavior of a
continuous fermentor for the production of ethanol. Chem Eng Sci.
2003;58:1479–1496.

59. Teymour F, Ray WH. The dynamic behavior of continuous polymer-
ization reactors—VI. Complex dynamics in full-scale reactors. Chem
Eng Sci. 1992;47:4133–4140.

60. DeCicco J. Simulation of an industrial polyvinyl acetate CSTR
and semi-batch reactor utilizing MATLAB and SIMULINK: version
1.0. Available at: http://citeseerx.ist.psu.edu/viewdoc/summary?
doi¼10.1.1.48.875. 1998.

61. Xiu ZL, Zeng AP, Decker WD. Model analysis concerning the
effects of growth rate and intracellular tryptophan level on the sta-
bility and dynamics of tryptophan biosynthesis in bacteria. J Bio-
technol. 1997;58:125–140.

Manuscript received July 17, 2010, and revision received Dec. 2, 2010.

AIChE Journal December 2011 Vol. 57, No. 12 Published on behalf of the AIChE DOI 10.1002/aic 3407


